In the paper we would like to pay attention to some analogies between Haar meager sets and Haar null sets. Among others, we will show that 0 ∈ int (A− A) for each Borel set A, which is not Haar meager in an abelian Polish group. Moreover, we will give an example of a Borel non-Haar meager set A ⊂ c 0 such that int (A + A) = ∅. Finally, we will define D-measurability as a topological analog of Christensen measurability, and apply our generalization of Piccard's theorem to prove that each D-measurable homomorphism is continuous. Our results refer to the papers [1], [2] and [4].
Introduction
In 1972 J.P.R. Christensen defined Haar null sets in an abelian Polish group (a topological abelian group with a complete separable metric) in such a way that in a locally compact group it is equivalent to the notation of Haar measure zero sets. These definition has been extended further to nonabelian groups by J. Mycielski [8] . Unaware of Christensen's result, B.R. Hunt, T. Sauer and J.A. Yorke [5] - [6] found this notation again, but in a topological abelian group with a complete metric (not necessary separable).
In 2013 U.B. Darji introduced another family of "small" sets in an abelian Polish group, which is equivalent to the notation of meager sets in a locally compact group. In an abelian Polish group X he called a set A ⊂ X Haar meager if there is a Borel set B ⊂ X with A ⊂ B, a compact metric space K and a continuous function f : K → X such that f −1 (B + x) is meager in K for all x ∈ X. He also proved that the family HM of all Haar meager sets is a σ-ideal.
Christensen [1, Theorem 2] proved that 0 ∈ int (A − A) for each universally measurable set A, which is not Haar null in an abelian Polish group X. In fact this theorem generalizes Steinhaus' theorem. Following Christensen's idea, P. Fischer and Z. S lodkowski [4] introduced the notation of Christensen measurability and, consequently, they proved that each Christensen measurable homomorphism is continuous.
The main aim of the paper is to prove analogous results for Haar meager sets.
A generalization of Piccard's theorem
First, we show a generalization of Piccard's theorem (see e.g. [9, Theorem 2.9.1]). The following fact will be useful in the sequel:
If X is an abelian Polish group, there exists an equivalent complete metric ρ on X, which is invariant; i.e. ρ(x, y) = ρ(x + z, y + z) for every x, y, z ∈ X.
Theorem 2. Let X be an abelian Polish group. If A ⊂ X is a Borel non-Haar meager set, then 0 ∈ int (A − A).
Proof. For the proof by contradiction suppose that 0 ∈ int (A − A). Let
Clearly 0 ∈ F (A) and F (A) ⊂ A − A. Hence 0 ∈ int F (A) and there is a sequence (
Now, let
Since A 0 ∈ HM, for every compact metric space K and continuous function
ℵ0 be the countable Cantor cube. It is a compact metric space with the product metric
where d is the discrete metric in {0, 1}. Define a function g : K → X as follows:
To show that g is well defined, we have to prove that the series
Indeed, for each m, n ∈ N with m > n we have:
Consequently, since K is complete, the series ∞ i=1 k i x i is convergent. Next, observe that g is uniformly continuous. In fact, if we fix a positive integer n, then, by (2), we get
Fix ε > 0. Then we can find a positive integer N such that 2
Hence, on account of (3), we obtain
In this way we have proved that g is uniformly continuous on K. Now, for the countable Cantor cube K and function g given by (1) the set g −1 (A 0 + y K ) is comeager in K for some y K ∈ X. Moreover, since A is a Borel set, so do A 0 and g −1 (A 0 + y K ). Thus the set g −1 (A 0 + y K ) is comeager with the Baire property in K and we can apply the well known Piccard's theorem. Hence there is an open ball K(0, 2 −k ) with some k ∈ N such that
Let n = k + 1 and e n = (0, . . . , 0, 1, 0, 0, . . .), where 1 is in the n-th place.
and whence x n ∈ (A 0 − A 0 ). Consequently (x n + A 0 ) ∩ A 0 = ∅, what contradicts the definition of A 0 and ends the proof. Let X be an abelian Polish group, B(X) be the Borel σ-algebra on X and denote by F (X) the family of all sets A ⊂ X such that
Each set A ∈ F (X) ∩ B(X) is neither Haar null (in view of Ulam's theorem), nor Haar meager.
Following by E. Matousková and L. Zajícek [7] , we can give an example of a non-Haar null universally measurable set A ⊂ X such that int (A + A) = ∅; e.g.
It means that the "strong version" of Piccard's theorem as the "strong version" of Steinhaus' theorem do not hold in non-locally compact abelian Polish groups.
D-measurability
Let X be an abelian Polish group. Let us introduce the following
This definition is analogous to the definition of Christensen measurability from [4] . That is why proofs of theorems in this chapter run in an analogous way as some proofs in [4] . Proof. Let W n ∈ D for each n ∈ N, i.e. W n = B n ∪ M n for Borel sets B n and Haar meager sets M n . Then, by [2, Theorem 2.9] , n∈N M n is Haar meager and, consequently n∈N 
Consequently,
what ends the proof.
Having σ-algebra, we can define a measurable function in the classical way:
Definition 2. Let X be an abelian Polish group and Y be a topological group.
Now we can prove the following In this way we proved that f is continuous at 0 and, consequently we obtain the thesis.
Here we presented some similarities between Haar meager sets and Haar null sets, as well as between D-measurability and Christensen measurability. We can say that the notation of Haar meager sets and D-measurability is a topological analog of the notation of Haar null sets and Christensen measurability in an abelian Polish group; similarly as measure and category in a locally compact topological group. But we know that there are also differences between measure and category in locally compact group (see [10] ). That is why the following problem seems to be interesting: Problem 1. To give examples of differences between Haar meager sets and Haar null sets, as well as D-measurability and Christensen measurability.
